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Abstract 

Qv ' The on-shell regularization of the one-loop divergences of supergravity theories is 

^^ ■ generalized to include a dilaton of the type occurring in effective field theories de- 

rived from superstring theory, and the superfield structure of the one-loop corrections 



^ 






O ' is given. Field theory anomalies and quantum contributions to soft supersymmetry 

breaking are discussed. The latter are sensitive to the precise choice of couplings 
that generate Pauli-Villars masses, which in turn reflect the details of the underlying 
k^ ■ theory above the scale of the effective cut-off. With a view to the implementation 

5— ( ' the Green-Schwarz and other mechanisms for canceling field theory anomalies under a 

C/(l) gauge transformation and under the T-duality group of modular transformations, 
we show that the Kahler potential renormalization for the untwisted sector of orbifold 
compactification can be made invariant under these groups. 
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1 Introduction 

It has been shown |l[-0, that Pauh-Villars (PV) regularization of one-loop uhraviolet 
divergences is possible for an A^ = 1 supergravity theory if Yang- Mills fields have canonical 
kinetic energy. In this paper those results are generalized to include their couplings to a 
dilaton. In Section 2 we summarize earlier results, and display the logarithmically divergent 
one-loop corrections in the form of superfield operators, which permits the extension of 
those results to fermionic terms Q, Q in the one-loop corrected effective Lagrangian. This 
formulation will also be convenient for the subsequent analysis. In Section 3 the dilaton 
is incorporated in the Pauli-Villars regularization of anomaly-free supergravity described 
in Ref. ||^, hereafter referred to as I. The application of PV regularization to determine 
soft supersymmetry breaking terms is also discussed in this section. It is shown that the 
contributions to A-terms are highly sensitive to the details of the regularization. In Section 
4 we regulate effective theories of orbifold compactification with twisted sector fields set 
to zero in the background. We show that this regularization can be done in such a way 
that the renormalization of the Kahler potential is invariant under modular (T-duality) 
transformations; we have in mind the construction of an effective one-loop Lagrangian that is 
perturbatively modular invariant. In Section 5 the discussion of regularization and anomalies 
is extended to theories with an anomalous U{1) gauge symmetry. The results are summarized 
in Section 6, where we discuss issues still to be addressed in order to achieve full anomaly 
cancellation. Many calculational details are relegated to the appendixes. 

2 Preliminaries 



In this paper we consider supergravity theories defined by the standard Lagrangian |^, |^ 
with N chiral multiplets Z^ = $^,...$^"^,5', where S* is a gauge singlet, and Nq gauge 
supermultiplets. The Kahler potential K, superpotential W and gauge kinetic function / 
are given by 

K{Z,Z) = -ln(^ + ^) + G($,$) = A; + G, W{Z) = W{^), 
fab{Z) = SabS = Sab{x + iy), (2.1) 



which are the classical functions found in string compactifications with affine level oncQ In 
this section we briefly recall the results of [0, |^, and cast them in a superfield form that will 
allow us to short-cut some of the subsequent calculations. 

2.1 One- loop logarithmic divergences in supergravity 

The ultra-violet divergent part of the one-loop corrected supergravity Lagrangian for bosons 
was calculated in [Bl-||10[- The result for the logarithmically divergent contribution is 



InA^ 

^eff = C{gR,Kn) + V9^^L 

L = Lo + L'^ + L. + L^ + L^ + NL^ + NciLg + L'g), 
Lq = Lo + 4:1Lgb, L^ = Ly^ + LGB, Lg = Lg — 3LGB, 



Kn = K 



In A 



2 



^^ „ e-^'Ai^A'^ -2V + {Ng - l^)M^ - 4/C^ - IQV , 
627C '- ^ 

JCt = ^{T'^zyinzrK.rn, A = e''W = A\ A, = D,D,A. (2.2) 

where C{g, K) is the standard Lagrangian [^ |^ for A^ = 1 supergravity coupled to matter 
with space-time metric g^y, Kahler potential K and superpotential W . V = V" + P is 
the classical scalar potential with V = e'^ AiA - SM^, At = DiA, V = (2x)~^P"T'a, 
Va = Ki{Taz)\ M^ = e~^AA is the field-dependent squared gravitino mass, and Di is the 
scalar field reparameterization covariant derivative. Scalar indices are lowered and raised 
with the Kahler metric Kifn and its inverse i^*"*. 

The operators La in (2^) are given in component formQ in Eqs. (2.25-27) of I, 



Lgb = ^ {r'-^'^'r^up. - 4.r'^''r,. + r') , (2.3) 

is the Gauss-Bonnet term which is a total derivative, and was not included explicitly in I. 
The operators L'^ are additional contributions that arise in the presence of a dilaton coupling 

^The results can be generalized to the case fab — Sabkaf, ka = constant, by making the substitutions 

1 1 _i 

pa _,l.2pa 4"— >i-24a T"^ -^ h ^ T"- 
^/ji/ "-a -^pi/J ^/j "-a ^fi' -^ > h,a -L ■ 

^See Appendix D of I and Appendix E below for corrections to 0, nOJ. There is an extraneous factor of 
X in the second line of (2.26) in I. 



to the Yang-Mills terms. Their component field expressions read: 



L' 



92VM' 



2x'WabW 



Ax'WW 



■^^^^F;^:FZ + lO^^P + A^^^V^Fr 



X 



x^ 



x^ 



6 

X 



idusFZ 



d^s 



X 



V„ 



V^Z^KirniT^zY +h.C. 



+xF;;fZ-D,z'V^z"'K,^ + 2tV^z'V,z"'Ki^V''F^ 

+AVV + 2VKi.raVoZ'VPz'^, 



flU 



(2.4) 



L' 



-X 



-7^ + 

+x^Ym + 



16x4 



2 

2x^ ^ 



(W + W) (m^ + y) - -M^ (v^z'V^'z'^Ki^ + 4V-2V 



F^;F-a + 3< {2K,rnV,z'V''z'^ -V -V 



dysd^s 
4x 



+ 



2x 



(d^^sV^z'AiA + h.c.) 



(2.5) 



where 



W, 



ah 



F^ 

auiM 



-(K-n 



tFa-FA-—VJ), 

' 2x 



-- V'VJV^W^ 



au^ 



TtF, 



au/ii 



X 



Res, W = W^, 



(2.6) 



with F° the Yang-Mills field strength. As in I we have dropped total derivatives (except for 
the Gauss-Bonnet term) and other terms that do not contribute to the S-matrix, by virtue 
of the classical equations of motion of the physical fields. 

It will be convenient here to display these operators in superfield form, ^-integration of 
the superfield operators gives expressions that include the various auxiliary fields. Replacing 
these by the solutions of their classical equations of motion gives the component expressions, 
up to terms that do not contribute to the S-matrix. We will display here the component 
expressions only for those operators that are not included in I. The component expressions 
for operators constructed from tensor-valued functions T{Z, Z) are given in Appendix A. 

In the Kahler U{1) superspace formulation of supergravity, a general "F-term" La- 
grangian takes the form 



La = L{<^a] 



l/,.,|*, + ,.e. 



(2.7) 



where $ is a chiral superfield of Kahler f/(l) weight w($) = 2. Here we construct these fields 
as bihnears in chiral superfields of weight 1, namely the Yang- Mills field strength superfield 
W^, the curvature superfield Wa/B-y (the lowest components of the totally symmetrized spino- 



rial derivatives Vt^W, 



{^VVa/S-y} 



are elements of the Riemann tensor), and the superfields 



T = — 



I (V^V - 8R) f„, f« = T,V^Z\ (2.8) 



where Ti{Z,Z) is any (tensor- valued) zero- weight function of the chiral and anti-chiral su- 
perfields. In particular, the chiral superfield 

K^ = X^ = ~ (P^P° - 8R) V^K, (2.9) 

was introduced in |^; the lowest component of its spinorial derivative — |P"Xq,| is the kinetic 
term for matter fields in the classical Lagrangian. Then defining 

^w = lw"^m^p„ ^-y^^ = ^W^W^, ^^ = -^X('Xp, (2.10) 

we may write (see Appendix A), up to total derivatives and field redefinitions, 

9(1 

Lq = 4:1L^ + 6 yL^ — CaLyM + Lqj — —La, 

1 1 ~ ~ 1 

-^x = Lw + ^L^ + -La, Lg = —3L^ + 6L^ — -La, (2-11) 

where Ca is the quadratic Casimir in the adjoint representation of the gauge subgroup Qa '■ 
Tr(TaTb)adj = SabCa with Ta a generator of Qa and T^ any generator. La is given in component 
form in (2.40) of I. The operators L^ and 



+V^z'V^z'V,-z^V^-z^K,nK,^ (2.12) 



are "D-terms" of the form 

1 r ...E 



La = L{(t>A) = J d'eE<PA = - Y^ / d^^^ (^' - 8^) 0a + h.c, w{(J)a) = 0. (2.13) 



To include these we define the zero-weight real superfields 

1 
16' 



rpafS 



rV^Z^V^ZW^Z'^V^Z^'Ti^rnn, 



■>WT 



^W^V^Z'Wp^Z'^T,^, T2 = ^V'Z'V^Z^T,, + h.c, 



-*j 



X 



—w^w^wwF 



X 



•)W 



—W^WW^-WP 



With these definitions we have 



-(pWK + 7T0>V^", 



K-'K.-e^\W{Z)\'. 



(2.14) 



(2.15) 



The last term in 0o is equivalent to a renormalization of the Kahler potential; up to a field- 
dependent Weyl scaling and higher order terms in the loop expansion parameter, the shift 
in C/ y/g due to a shift F{Z, Z) in the Kahler potential is given by 






ApL 



-FV + (. 



e -^A'A"^ + V^z'Vz"^ ) didrnF 



d,F 



e-''A'A + —Va(T''z 
2x ^ 



+ h.c. 



V9 



(TOFF. 



(2.16) 



As shown in Appendix A, L^ can be obtained as a linear combination of L^ and an operator 
generated by a metric field redefinition that eliminates terms quadratic in the space-time 
scalar curvature and the Ricci tensor. That is, it is equivalent to a linear combination of 
Let and a D-term ( p.l3| ) constructed from the superfields that determine the elements of 
the super- Riemann and torsion tensors [^: (pa = RR, GaG"^, .... In addition we have the 
F-terms Li,L2 with 

1. 
2'^ - 

T^ + 2iTa)lW:], T^ = Tl, (2.17) 



$1 
$2 






where Z* is a matter chiral superfield (wlZ) = 0), TV is an element of the affine connection 
associated with the Kahler metric, and C*^ is the matter quadratic Casimir for the gauge 
subgroup Qa'- (TaTb)l = 5abC^^ . These contributions to (^.21) are canceled by identical contri- 



butions from negative signature PV chiral superfields Z^ with the same gauge charges and 
Kahler metric as the matter fields. 



The terms proportional to -^o,x-9 ^^^ partially canceled by the introduction of PV chiral 
superfields 0*" with Kahler metric 

Kcc = e-^'', T% = ac5%K,, rg, = a^^gX^, (2.18) 

some of which carry gauge charge. Assuming I]c(^a)S — 0' ^^^ 0'"-loop gives a contribution: 



(Li + L2)^c = V 



c 



'^CaLyM + I ""^ - - ) of' La 



(2.19) 



where r] = ±1 denotes the signature of the PV field $ . The operator L3 depends both 
on elements Rimjn of the Kahler Riemann tensor and on covariant scalar derivatives of 
A = e^W; it is the bosonic part of a D-termQ (|2.13|) : 

03 = ^^"V<^, + (i?"Ve-^/'A./ + h.c.) . (2.20) 

Cancellation of this term and of the logarithmic divergence in the renormalization of the 
Kahler potential in ( |2.2| ) require PV chiral superfields Z^ with nonvanishing Kjj, and with 
superpotential couplings to the light chiral multiplets. The part of Kn that depends on 
the gauge couplings of the light fields is canceled by superpotential couplings of the PV 
fields $" to the Z* and to PV chiral fields Yj that transform according to the gauge group 
representation that is conjugate to the light matter representation. These couplings are given 
explicitly in Section 3, slightly modified with respect to those adopted in I, as required by 
the presence of the dilaton. The superfield form of the operator Lq is 

L'o = L(0o) + L($o), (f)'Q = (f)wK ~4:4>wk-'2(j)y^a ~4(j)w, 

$'0 = 12W:T^, T^ = A(v'-8n){x-'V'^U), /. = ^- (2.21) 

This term and the remaining contributions to -^o.x-s ^^^ canceled by the introduction of 
massive Abelian gauge fields, some of which couple to the light Yang-Mills fields through 
a nontrivial gauge kinetic function, as described in I. The superfield structure of L' is less 
transparent. It is equivalent up to terms that vanish on shell to linear combinations of the 



■^Note that Tki = e ^^^Aki{Z, Z) is a superfield of weight wiTu) — 2; its spinorial derivatives satisfy 
V^Tm = e^/^P'^Z^Dffi ie-'^Aki), VaTu = e-^/'^VaZ^Auu- For general dilaton couplings, L^ contains the 
additional term ^pe^'"^ A^ R^''- '■A^iW which vanishes in the model considered here since Ags — 0. 
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the generic operators introduced above and D-terms that involve supergravity superfields: 
= G^aKssD"'SV^S, .... As shown in Appendix C, this term must be exactly canceled by 
PV Abelian gauge multiplets that couple to the dilaton. 

2.2 PV regular izat ion with a dilaton 



The ultraviolet divergent one- loop corrections to supergravity were calculated [P]-[jTO[ in the 
presence of a nontrivial gauge kinetic function of the form: 

fab{Z) = SabfiZ)ka, f {z) = X + iy ^ constant. (2.22) 

In lU it was shown that the dilaton-induced quadratically divergent contribution, given by 
[Ta is defined as in (p.8|)] 

2NGfJ^ 
if + If 
can be regulated by the introduction of Nq additional Pauli-Villars chiral multiplets vr" with 



/ N if- 
STrH 3 -yrxrl {^'^^ + ^m-^'^'^^'^) = -^g ^"T„| , T, = A ln(/ + /), (2.23) 



^(vr,vr) = E(/ + /)kl'> W{^) = T.^^li^n^ V: = +l- (2.24) 



The expression for the logarthmically divergent loop corrections |T^ with an arbitrary holo- 
morphic function f{Z) is very complicated. Here we consider the much simpler case of the 
string dilaton, with the dilaton couplings defined by (|2.1|). For this model ( ^.23[ ) takes the 
form 

STiH 3 -2Ng (m' + ^^] = Ng V^K\ , (2.25) 



and the gravitino mass is equal to the gaugino mass: 



Ml = Ml = M^ = e~^AsA\ (2.26) 



In addition we have 

/ + / = e-^(^'^) = e-^ (2.27) 

so instead of introducing the additional PV fields in ( p.24|) , we need only modify the Kahler 



potential for the gauge fields used in |1], ^ to regulate gravity loops: 

K{(f)^\ 0^) = J2 e°^''+^^'|0''|', (2.28) 

c 
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where the case of canonical gauge kinetic energy, f{Z) = 1, is recovered for Pc = 0. 

A term proportional to ( p.25|) is also generated if Abelian gauge PV superfields couple 



to the dilaton. We find that it is this latter mechanism that must be used in order to cancel 
the dilaton-dependent logarithmic divergences that arise from gauge loops. We will also 
need to introduce chiral PV multiplets with a Kahler potential of the form ( |2.28| ), with the 
constraints (see Appendix C) 

T.v''Pc = T.v''Pcac = 0. (2.29) 

c c 

3 Anomaly-free supergravity 

Here we assume that there are no gauge or mixed gauge-gravitational anomalies: TrT" = 
Tr({Ta,Tb}Tc) = 0, where Ta is a generator of the gauge group. This section closely follows 
I, and the reader is referred to that paper for the contributions that are unchanged when 
the dilaton is included. 

We introduce Pauli-Villars chiral supermultiplets Z^ = Z^, Za, that transform under the 
gauge group like Z^, and F/* = Yf, Yf, that transform according to the conjugate represen- 
tation, as well as gauge singlets F°, Z", and chiral multiplets ^^ = ip'^, ip'^, ip'^, that transform 
according to the adjoint representation of the gauge group. Additional charged fields X^ 
and U^ transform according to the representation R'\ and its conjugate, respectively, under 
the gauge group factor Qa, and V^ transforms according to a (pseudo)real representation 
that is traceless and anomaly-free. Their gauge couplings satisfy 

T.V^Cl = Y.Ct^Ct„ (3.1) 

where 

Tr^ (T'^T') = SabC^R, (3.2) 

which may imply a constraint on the matter representations of the gauge group in the light 
spectrum, as discussed in I. In addition, we introduce gauge singlets (p'^, as well as f/(l) 
gauge supermultiplets W^ = W^, W^, with signatures rf^.rj^, respectively, that form massive 
vector supermultiplets with chiral multiplets Z^''^ = e^^' of the same signature and f/(l)/3 
charge q^S^p. 



For the Pauli-Villars fields we take, for illustrative purposes, the Kahler potential 



K 



PV 



E 



V. + UiO, + 9,r + e^/^ E (\X^\' + \U1\' + K\' 



E (e'^viv: + e'0^j: + r.^:) + e (^f + O , 



i^' 



E 



K.jZizi + - (ir,,Z^Zi + h.c. 



70|2 



ir 



y 



I,J=i,j 



I=i 



Y 



K. 



LJ 
Y 



1 



K^\ K^ = e'^'^'+^'H^^ aj^s = 7^, Ps = -2, as = (3, 



2' 
1 . „ ,, „ ,,. 1 



'/5>^5 



0, 



Kij = d,d,K-K,Kj~ — {f,K^ + f,K,)-—fJ^, 6^ = 1, 6^=0, 



K. 



y 



-— /„ «:f_ir, + -/„ /. 



^im,_Y 



y — -fi K^, a^ 



Y 1 y 

- 1, a„ = tto 



(3.3) 



and -ft'*-^ is the inverse metric. We take the superpotential 

Wpv = W1 + W2, 



Wi 



E 

Q,/3 



* /Tvl/Tvl 



E ^^l,ziY,^ + /^°/3^°n' + E ^^>l^. 



+ 2E^7 

^ 7 



<^ ('^7^2 



1 



+ E 



:Z^Z>,, + c„Zf F^-W- 



(3.4) 



where the index a refers to the light gauge degrees of freedom. Finally, we take for the gauge 
kinetic functions: 



r' = s'^'ls + Y^hj^zivA, /r = o. 



r 



/3 



(3.5) 



The matrices Hap, da/3, 60-/3, are nonvanishing only when they couple fields of the same sig- 
nature. The parameters n, u, play the role of effective cut-offs. The parameters a, b, c, d, e, h, 
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are of order unity, and are chosen to satisfy^: 

a a 

a a a 

h = Y.v!hl = 2, w = Y.vIKcc. = 1. (3.6) 

a a 

The signatures of the chiral PV multiplets satisfy 

I] < = IK = IK = 1, Vl+a = Va, Vl = +1, Va = Va , 
a a 

Er/° = -12, Y.V', = -Ng, E^? = -12-iVG = iV^, (3.7) 

7 7 7 

and, from the results of I, we require for the exponents in ( p.3|) 



« = E '^c^c = -10, a' = E ^c-ttc = -4, (3.^ 

c c 



where in (|3.8| ) and throughout this section 0*-^ is any chiral PV field except Z, Y, and a^ = 
0, /3^ = —2. The Kahler potential for ip*^ assures the Kahler anomaly matching condition 
for the term quadratic in the Yang-Mills field strength, as discussed in I and in Section 4 
below, as well as the correct form of the gauge-dependent contribution to the renormalization 
of the Kahler potential. 



■*The contribution to K', Eq. ( 3.15| ) below, from the last term in (3.4) differs from that of I, where in 
(2.5) we set c = -2 - A^^ = 10 + Nq, by the term -NqM^ needed to cancel the NgAP term in ^ 
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3.1 Quadratic divergences 

For the class of supergravity theories considered here, the on shellQ quadratically divergent 
contribution is proportional to 



STrH = h3 + NG-N)V"X^\ + {v + M^){7 + 3NG-N) 



+A/'G^"fca| + ^"r, 



(3.9) 



where Xa = Ka, etc. are the chiral superfields defined in (p.8|) . The contribution of the 
Pauli-Villars fields to STiH is 



STtH 



PV 






7 P 

where P refers to all heavy chiral multiplets: (p^ = Z^ , Yj, (j)^ . From (2.2S) we have 



and we obtain for the contribution from heavy PV modes: 

STiHpv = --{N' -N'Q-2a)V''X^\ + {v + M^){3N'Q-N') 

C P 7 7 



(3.10) 



(3.11) 



V'Tr 



P 



(3.12) 



Using p.8|), the absence of quadratic divergences requires 

A^' = 3a + l-iV = -29-A^, (3 + f = -Nq, 
N'(j = a -2 -Ng = -12- Ng. 



(3.13) 



As explained in |T], |^ the Oi^fi"^) contribution to Sq + Si = J d'^x {Cq + Ci) takes the 
form of a correction to the Kahler potential, once additional finiteness contraints on the PV 
masses have been imposed. Throughout this section we set (see Appendix C) 



P = 0, f = -NG, (3' = Y.7iG(il = 2, Y.VcacPc = 0. 

c c 



(3.14) 



^Specifically, a contribution proportional to r— V^Xal — 6(F + M^), where r is the space-time curvature, 
can be removed to one-loop order by a scalar field dependent Weyl transfromation. 
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3.2 Logarithmic divergences 

The Pauli-Villars contribution to ( p.2| ) is, after an appropriate space-time metric redefinition, 

.InA^ 

p 



c 



PV 



Vg 



N'^Lg - NgL'^ + N'L^ + Y,7]p (Lf + Lf ) + LI + Ly, + eL 



327r2 L 



9 

lnA2 

32^ 



e-^'E^P^PQ^'^''- 



(3.15) 



^,Q 



Using (|3.6|) - (|3.8|) , (|3.14| ) and (|2.26|) , the PV contributions found in I are modified to read^ 
lnA2 



K' 

T.'npL2 



e-'^AijA'^ + 2(a + l)V + (2c + 4 - 2a + N'c)M' + AK,l + ^gV 



327r2 
InA^ 

~327r2 

6e'L(0w") + 2hL{(j)^) - 2wLy^ = 2eL(0vva) + 4L( 



e-'^AijA'^ + 2V+ {Ng - 6)M' - 4/C^ - 8V 



(3.16) 



^wj 



2L' 



w 



iv($e)+i^( 



y, $e = --$[,, 



Wii- - 4>Wk -4:V - 40Wa, 



(3.17) 



6 p 



Y 



= -L3 + AAyL + A^M^L + SApL - -L($[,) - 2L^ + 2L;^ - SAm^L, 

o 



(3.18) 



where the subscript I refers to the result of I. The contributions L^ and Lp follow immediately 
from Eqs. (|3.11| ) and (|2.17|) . L^ and I/($o) are given explicitly in Appendix B, Eq. (p.26| ). 



^See Appendix B of I and Appendix B below. 
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In I the logarithmic divergences were found to cancelQ with e = — 3. Hence we write 



eLe + Lw(e) = -3 (L,), + (Lw), + 1^1 - 2L;^ - 4(3 + e) A^L, L^ = L(0'J + L(<l>^ 
e 

~6 



$1 



-$[,, <^'^ = 40W + (3 + e) [(PwK 



■'W^ I — VWk- 



(3.19) 



The renormahzation of the Kahler potential is now finite if e = —4. Complete cancellation 
of the ultra-violet divergences then requires, once the conditions (|3.8| ), ( p.l4|) are imposed, 



L'o + L; - h{%) = 0, 



(3.20) 



which is achieved for e 



-4. 



3.3 Soft supersyrametry breaking terms 

Pauli-Villars regularization can be used to calculate one-loop contributions to soft supersym- 
metry breaking. The calculation of gaugino masses has been given in [|TT| for string-derived 
supergravity with the dilaton in a linear supermultiplet, and including a Green-Schwarz 



(GS) term. These include the "anomaly mediated" contribution |T2|, |T3| as well as addi- 
tional model-dependent contributions. A general analysis of soft supersymmetry breaking 
terms in this class of models will be given elsewhere [0. As an example, we calculate here 
the one-loop induced A-term for supergravity theories with matter in chiral supermultiplets. 
To obtain this contribution we take constant background fields, and the effective one-loop 
potential is given simply by 



C 



/ - — --STr Inr? (p^ — m^ — H 
J (27r)4 'V^ 

2 V/" / 6m2 



327r' 



-STrr/ 



hm^ H — g^ ) ln( 



m 



9^ 



24m4 



+ 0(—) 



m^ 



(3.21) 



^These operators are the bosonic parts of D-terms of the form ( ^.13|) with: 

{(t>w)i = -6'/>w°, {(t>e)i + 41? = (j)wK - 40W" = 200 - Q<Px ~ 20^", 



from which it follows immediately that the conditions (2.20) and (2.46) of I give L + Lpy = 0. The term 
-2,C°-5ab (W'' + H.c.) + AAdL is missing from the right hand side of the third of Eqs. (2.43) of I, and 81? 
should be replaced by (8 — 4e)I? in the second of those equations. 
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where /z is the normahzation scale, and h + g is the effective field-dependent squared mass 
with the PV mass term removed: 

Hpv = H + m^, H = h + g, h ^ m^ , g^m^. (3.22) 

We dropped a term — |rSTrif in the integrand; in the constant background field approxi- 
mation r —>■ V after a Weyl transformation. Assuming < V >= 0, terms proportional to 
V can at most contribute small corrections to soft terms already present at tree level. The 
second equality in Eq. (|3.21|) is schematic: [H, rn^] 7^ in general. 

Soft terms are generated by the PV fields ^"^ = Z^ , Yi, ip"" that govern the wave function 
renormalization through the dimension three operators in W2, Eq. ( |3.4| ). We denote by 
$° = Y^ , Z^ , (f'"-, respectively, the fields to which to which they couple in Wi: 



Wii^"^, $") = J2 I^A^"^^"- (3.23) 

A=a 

Setting 

KaA = hAiz), Kaa = K{z), (3.24) 

we have 

^\ = ^l = fAf^% Ia = e^g^^g^^. (3.25) 



The first two terms in Eq. (|3.21|) are the shift in the potential due to the shift 5K 



in the Kahler potential. The first term, proportional to m^, corresponds |l|] to 5K = 
Yl^pCprnj:,, cp = constant. They contribute A-terms and scalar masses proportional to those 
already contained in the tree potential, with coefficients suppressed by the factor l/327r^ 
[m^ ~ 1 in reduced Planck units), and we neglect them. 

From the general matrix elements evaluated in Appendix C of [|I^, assuming D-terms 
vanish, dropping derivatives, space-time curvature and gauge fields, we have 

{H^)l = K'^'^fiBK^''AcD = g'h = e-''fAfiAAAD, 

{H^)i = A^%p = gl {H% = {H% + 6S{V + M'), (3.26) 

for fermions x ^^^ scalars 0, respectively. For the reasons given above we can neglect the 
V term, and terms containing only powers of H^ cancel in the supertrace. The M^ term 
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does not contribute in leading order to the A-terms, so they get contributions only from the 
scalar trace terms that have factors of Hi 



H 



AB 



h 



AB 



-K 



{A'DA 



PQ- 
AB — AabA 



k 



aP 



0, 



H% = gAp = e-''AW,{e''WAp)-AWAp = -5Apl^A{A-A'djA). (3.27) 

Taking into account the fact that [H,m'^] 7^ in the integral Eq. (|3.21| ), we have on the 
right hand side: 

Tih^ ln(mV/i2) ^ 2J27]A [h^hl + /iab/^^'') [q{m\, m|) - In ^l 



AB 



q{m\,ml) 



m\ ln(m^//i^) — m| ln(m^//i^ 
m\ — ni\ 



-1, 



(3.28) 



and 



Tr 



3V 
Qm? 



Y^VAh 



AB 



d 



d 



9p9A-^(lim% ^l) + 9a9l-^qim% ml) 



''B 



+ h.c. 



o d 



AB 



d 



m 



B 



dm\ 



q{rn\, m 



+h.c. + ■ ■ ■ , 



m. 



dm?. 



q{mj^, m 



7]aA\D,Aab)A 



AB 



(3.29) 



where F™ = —e~^^'^A^ is the auxiliary field of the superfield Z"^. In ( p.29|) we have explicitly 
retained only contributions to A-terms (and "B-terms"). Scalar masses get contributions 
from additional terms in ( |3.29| ) as well as from Tig^/2Am? in ( p.21| ). The one-loop corrected 
scalar kinetic term is 



izi 



6K 



5] + -K'^5Ki, 

1 
^32^ 



■c-^Y.^IaA^^'Aab 



AB 



q{m\,ml) -In/i^ 



(3.30) 



where zr is the renormalized field, and the matrix-valued anomalous dimension is 



^i = K^^'DnD, 



_d_ 



327r2 



6K 



yjkl 



327r2 



DW,{e-''YvAA''''AAB) = c-^'YvaA^^^'Aab + 



AB 



AB 
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+ .... 



(3.31) 



where the elhpses represent higher order terms. To evahiate the A-terms we expand Eqs. 
( p.28| ) and (|3.29|) in terms of the hght gauge-charged fields 0*. For example we have 



STih^ 



2 (/iab/i^^ + h^h'^^ 
-2mce-^^^^A\DiAAc)A^^ + h.c. + ■ ■ 
-2m^e-^'^A'(P'^Kjrhll + h.c. + ■ ■ ■ . 



If at tree level we have 



Ki, 



K{z)5,m + O(|0n, A, = e^ (c,,fc0^0'= + ii,,(tP) + 



0\ 



usmg 



d 



m 



B 



+ ml 



d 



din^, 



we get a one-loop contribution to the A-term 



q{m\, m 



B) 



(3.32) 



(3.33) 



(3.34) 



'-A 



^—e-^/^^A^K,^^l [ml (l + ln(my/.2)) + F%\n 



327r 

ijk 



"^l 



-Fh.c. 



'^0^ 



^4>^RCjki{hi/hkhi)2 +mjk{hi/hk 



7 X 



In m^j 



327r^ 



[ma (l + Hml/^^)) + F'^drn In /.,] + h.c. + ■ 
Y.q{<.ODW^{e-^A^^AAB)hl 



AB 



a^ln/,, = -l^^[9^g(mi,m|)lD^A(e-^A-^^AAB)/7i 



(3.35) 



Note that the term linear in in Ai can arise from a quadratic term in the superpotential or 
in the Kahler potential; the relation between the corresponding supermultiplet mass and the 



4 = /^' 
kinetic energy for both the light fields and the PV fields, Ca reduces to the "anomaly 



one-loop induced "B-term" is the same in both cases. If m^, = /i^ and one assumes canonical 



mediated" term found in |T3|. The contributions that depend explicitly on the PV masses are 
contained in the component field expression of the superfield operator ( p.l6| ) that determines 
the renormalization of the Kahler potential. The term proportional to ln(m? //i^) is not 
negligible if the scale of supersymmetry breaking is significantly below the Planck scale. A 
further model dependence is in the dmlnfij terms. 
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In contrast to the case of gaugino masses studied in ^^ , the one-loop corrections to the 



soft terms in the scalar potential are sensitive to the details of the Pauli-Villars regularization. 
In the gaugino mass case, the PV squared mass matrix commutes with relevant (gauge 
superfield dependent) matrix elements. The regulator masses appear only through the Inm,^ 
term, averaged over all charged PV fields, and only the field dependent part fp{z) of mp = 
fp[z)jji'\> contributes to gaugino masses. The field dependence (i.e., the dependence on fields 
that do not vanish in the vacuum, such as the dilaton and moduli) on this "average" Inm^ 
is completely fixed in terms of the field- dependence of the light field Kahler metrics. Both 
the requirements of finiteness discussed in Section 3 above and the supersymmetry of the 
Kahler anomaly |]16| uniquely determine the field dependence of Inm^ once the tree-level 



theory (including possible couplings of charged matter to a GS term) is specified. However, 
only a subset of charged PV fields contribute to the renormalization of the Kahler potential. 
While the Kahler metrics of the fields ^^ that appear in W2 is determined by the finiteness 
requirement, the metrics of the fields $" to which they couple in Wi is arbitrary. Since 
the associated Kahler anomaly is a D-term, it is supersymmetric by itself and there is 
no constraint analogous to the conformal/chiral anomaly matching in the case of gauge 
field renormalization with an F-term anomaly. As a consequence the "non-universal" terms 
appearing in £Jo/t cannot be determined precisely in the absence of a detailed theory of 
Planck scale physics. In the following sections we give examples in which the PV masses 
that contribute to C\gj^ are field independent. 

4 String-derived supergravity and T-duality 

Effective field theories from superstring compactifications are perturbatively invari- 
ant ||l^ under an SL{2, Z) group (T-duality) of transformations on the chiral superfields 
Z — ^ Z'{Z), which is a subgroup of a continuous SL{2,R) group, itself a symmetry of the 
classical Lagrangian. Here we will refer to both groups as modular transformations. They 
effect a Kahler transformation: 

K{Z,Z) -^ K{Z',Z') = K'{Z,Z)=K{Z,Z)+F{Z)+F{Z), 

W{Z) -^ W{Z') = W\Z) = e-^^^^W{Z), (4.1) 
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and therefore leave the classical Lagrangian invariant. Because ( [4.1D includes phase trans- 
formations on chiral fermions, the symmetry is anomalous at the quantum level. Ungauged 
nonlinear a-models were considered in I, where it was shown that, while the PV Kahler 



potential can be chosen to be invariant under (|4.1|), regularization of the theory with invari- 



ant PV masses requires constraints on the light spectrum. Moreover, for gauged a-models, 
invariant regularization does not appear to be possible for any choice of spectrum. Indeed, in 
supergravity theories obtained from orbifold compactifications of string theory, the (weighted 
average) masses of gauge nonsinglet PV chiral multiplets are fixed |jl^ by matching field the- 



ory and string theory loop corrections to the moduli- Yang-Mills couplings, and cannot all 
be invariant under T-duality transformations. 

Specifically, we consider a class of orbifold compactifications with, in addition to the 
dilaton, the chiral superfields Z^ = T\ <l>^, where T*, i = 1,2, 3, are the untwisted moduli, 
and the Kahler potential 



i 

9" = Y.^f9\ ^^ = - In (r + r). (4.2) 

i 

The modular transformation 

aT^ — jh 
T -^ T"= . , , S^S' = S, ad-bc=l, 
icT' + d' 



$p ^ $'P = 6-"^^'$^, F' = In [icT + d) , (4.3) 

where qt are the modular weights of $^, effects the Kahler transformation ( [4.1| ) with 

F{Z)=Y,F\T). (4.4) 

i 

Setting to zero the gauge-charged background fields, the one-loop corrected Lagrangian 
contains the termQ: 



A 3 7^E^i^^^;.E^"Tr(C„*lnM^ 



2 , 



{MX = e^K^^'^^,,^K^^^^nQ. iC% = 5^0^ , (4.5) 



^The sign of this term in (3.3)-(3.7) of I is incorrect 



and C^ = (TrT^)p is the eigenvalue of the quadratic Casimir operator on 0^. Since the 
parameters fipq of the superpotential (|3.4| ) and - for vanishing gauge-charged background 
fields - the elements Kp^^ of the metric connect only fields (p^ with the same values of C^, 
we have 

^ r^^Tr {Ct In M^) ^ = ^ ^^Cf Tr In M|, = ^ r]^C^ In DetM^ . (4.6) 

a " P P 

With the choice of Kahler potential ( p.3|) we have, for P,Mj^ T^ , S: 



J^PM _ 


= <5^*V^3\ ;^fM ^ ^PMg-,1,5^^ K^^^^~ = e^'/'S 


f2 

'■x,u,v - 


= ii\^jjy, M|j. = eVf,j^, DetM|„ = e^Det/i|., 


M~~ = 

Z,Y 


= e^^^-^^^^'^Vl?, g^ = diag(g;^,---,g^_). 



PM 



) 



Then using the constraints ( p.7| ) we obtain 






Y: r^^Cf In Det/x^ - ^ C^ f A^ - 2 j: qlg") + C^^iT 
. p p \ i / . 



(4.7) 



(4. 



As is well known [lS]-@], 0], invariance under ( |4.3|) is restored by the GS mechanism; the 
Kahler potential of the dilatonQ and its modular transformation property are modified to 
read 

k = -\n(s + S + ^G), S' = S-^F, (4.9) 

SO that the variation of £i, and of model-dependent threshold corrections, are canceled by a 
variation in the tree-level coupling of the dilaton to the Yang-Mills fields. The contribution 



in ( [4.8| ) satisfies the string matching condition ||T6[ when the Green-Schwarz term and the 
string-loop threshold corrections are included. Threshold corrections |jl8|, |2T[ can be included 
as moduli-dependent terms in the PV superpotential Wi : /xp = fip(T^). 

In order to achieve full perturbative modular invariance, we must investigate more com- 
pletely the anomaly structure of the one-loop corrected effective theory, including gauge 
nonsinglet background fields. Supersymmetry relates conformal anomalies, associated with 
logarithmic divergences, to chiral anomalies that arise from linearly divergent integrals in 



^The Kahler potential k no longer satisfies pij — ai — 0, in the notation of jlOJ, resulting in additional 
contributions to the loop corrections. However the modification of k is of one-loop order, and hence the 
corresponding one-loop corrections are of two-loop order, which we do not consider here. 
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quantum corrections to the low energy effective theory. When the theory is regulated in 
such a way that all integrals are finite, there are strictly speaking no anomalies, but a corre- 
sponding noninvariance of the quantum corrected theory results from the noninvariance of 
the regulator masses. For example, only light quark loops contribute to the chiral anomaly 
that permits neutral pion decay; the anomaly from heavy quark loops is exactly canceled by 
the explicit chiral symmetry breaking due to the quark mass term. The contribution of a 
PV quark with negative signature has the opposite sign; it's anomaly cancels the light quark 
anomaly and one is left with the explicit breaking term that exactly reproduces the light 
quark anomaly. 

Provided we can define modular transformations on the PV fields such that Kpy is 
invariant and W2 is covariant {W — > e~^W), the noninvariance of the regulated one-loop 
Lagrangian will arise solely from the noncovariance of Wi which governs the PV mass- 
matrix Mpy. The Kahler potential for the 9-^ in ( |3.3| ) is modular invariant provided the 
chiral superfields 9' = 9^ under ( [4.1|) . In addition, if we take for the $" mass term in dST 



w^im = E 



(4.10) 



the superpotential for chiral fields 0°" with dilaton-like couplings is modular covariant. Then 
the one loop action can be written as 

Ci = Cinv + C^, C^='-STT\n\D^ + H{Mpv)] +T.{Mpv), (4.11) 



2 



X 



where £„„ is modular invariant and C^ contains only chiral supermultiplet loop contribu- 
tions. As a result the masses and covariant derivatives appearing in the noninvariant contri- 
bution contain no Dirac matrices except in the spin connection, and their contributions are 
straightforward to evaluate. 

As shown in I, under a transformation on the PV fields that leaves the tree Lagrangian 
and the PV Kahler potential invariant, with W2 covariant: 

$' = g^, M'py{^) = Mpvi^') 

C = C,nv + C^{Mpv), Mpv = g-'M'pyg, (4.12) 

because all the operators in the determinants except Mpy are covariant. Therefore the 
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anomalous shift in the Lagrangian is given simply by 



(4.13) 



As discussed in I, the quadratically divergent terms may be made invariant by constraints on 
the PV mass parameters. In this paper we consider only anomalies arising from logarithmic 
divergences and the associated chiral anomalies. As a first step toward the construction of 
a modular invariant one-loop effective Lagrangian, we give examples below of regularization 
prescriptions with modular covariant PV couplings except in the PV mass terms. In addition 
we choose the mass terms such that the renormalization of the Kahler potential is modular 
invariant. 



4.1 No-scale supergravity 



First we consider a toy "superstring-inspired" model ||22| with a single modulus T; the Kahler 
potential and superpotential given by 



K = k + G, G 



N-2 

p=i 



W = dpgr^P^'^^\ 



(4.14) 



The modular transformations are defined by 

aT — ih 



T 
<|)P 



r 



S ^ S' = S, ad — be 



icT + d 
$'P = e-^/^$P, F = 3 In {icT + d) 



(4.15) 



To construct a modular invariant PV Kahler potential and a modular covariant super- 
potential W2, we note that if the PV Kahler potential and superpotential of ( pj.3| ) and 
are modified by the additional terms 



Kpv 
W2 



K 



(3.3) 



PV 



W. 



(3.4) 



+ E 
+ E 



p„5:ir.z^z°+^p;(z°)'+h.c. 

I=i 
I=i 



'Sw 



the one-loop corrections are unchanged: 






R^ - A^ 



^nOOfh ~ U- 



(4.16) 



(4.17) 
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For the Kahler potential ( 4.14| ) we have, for Z^ = T, $'' 



Ki — Gi, didjG — —GiGj, Kjj — ——GiGj, 



and, under ( [4.15|) , 



K 



K'r 



IJ 



dK{Z') 
dZ'^ 






NnK,+F,), K[^ = N^NlK,n, 



KnM — - {FnKra + FmKn + FmFn 



In addition, 



(4.18) 



(4.19) 



ly.' = e-^Ni{Wj-FjW) 






d'^wiz') 

dZ'^dZ'i 

-F AT-fc AT-m 



N^d,, 



Nfe-' {W^ - F„,W) 



e-' N^Nf[Wkm - FkWm - F^Wu - {F^m - FkFm) W 



-Nl {Wi - Fi) d,Ml 
Writing the transformation ( 4.15 ) in the form 



Z 

M 



-^ Z'iZ), M] = ^, 
T I ^ ' ^ dZi 



iV/ 



"9 3 

e-2^/3 



N 



_ dZ'^ 
~ 'dZ^' 

e2^/3 



and using 



we obtain 



Wp^'P = d.W, F,, 



.-p.p. 



W'- = N^-N"^ 



Wmn - - {FnWm + F^Wn - F^F^W) 



If we also modify the Kahler metric for Z to read 



K 



IJ 



J\ij -\- CL GrjGrj, -f^/o — OiG^^ ■'^OJ — ^G 



']•> 



(4.20) 



(4.21) 

(4.22) 
(4.23) 

(4.24) 



the metric for Z is just the inverse of that for Y (see Appendix A of I), i.e. its inverse is 
given by 

(4.25) 






K'\ Kf = -aG^, Kf = 1 + a^G'Gi. 
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Because of ( 4.17] ), there is no additional contribution to Lf or K\ but there is now a 
contribution Lf similar to L\ . We can incorporate this contribution if we change the values 
of tty and a'~ and the parameters in 1^2 (^)- Moreover, nothing is changed if we substitute 
H^2(^, Z) — > W2{Y , Z). Finally, because of the property ( [4.18|) , the derivatives of the Kahler 
metric Gim satisfy: 

1 






9 



-:r(jrr, 



(N + l) G"G, + GfGl 
G„ = Gl, Gl = -l{v^V''-8R){GiV^Z^), 



naiT"")) 






1 



v^v 



8R 



G.Vo^iT'^zy 



(4.26) 



while the derivatives of the metrics for (f)'-' with (3c = ~1) and for Ip^s, satisfy [see (2.41) 
of I] 



■^Ca-rD 



^ D ^ Ca — ^C'^ '^a, 



Da 



acGa6 



C 






-pQ (rpa\P pi (rpa\i 1^ ri'^no- yP F* 

^ Pa\^ JQ — '-iaK-'- Jj "r " '-^a) '- Pa — '- i 

(r)S" (r)l = TfVl + da' + a') (G"G« + GfGQ - 2 (\a' + a') G,^Z\ 



G,^ = -\ ipj)"^ - 8R) G.V^G, Zl = -i (V^V^ - 8R) V^Z^ 



(4.27) 



Therefore, since in addition kgs = e^^, the contribution of fields with metric Ki^ can be 
canceled by an appropriate combination of Y, Z, 0, provided some are gauge- charged. 
As a consequence of the above, the ultraviolet divergences are still canceled if we modify 
and ( |3.7| ) to read [note that k'^ki = 1, and G^Gi = 3 is invariant under the 



modular transformations ( |4.15| )] 



I 



Kpv = E[e"-''^''"V07+ 2^7(^7 + ^7)' 



oK/2 



E(l^^ 



'7 I 



|f/II' + IK^ 



+E 

a 
a 

+E 



E (eS^^" + e'0l^: + ^l^a) + e^ E ^^^ 

a r=l 

e-^'irsl' + 2|0^P - e-' (010^ + h.c.) + e 



k\ir\2 



2k\iSl2 
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Kf, 



^G. 



E 



^a^a (^JJ + Q'aGiGjj — — [GiGjZ^Z^ + h.C 



+ \Z. 



0|2 



ZJ ^i^a ( ^^^a ~ ^a^a 



3a: 



(^2)^ 



h.C. 



-y _ „a^G 



^: = e^ 



^ G'%^Yf -a^Y. {yrYaG' + h.C.) + |Fo1' (l + Sa^ 

I,J=i,j I=i 



1=1, 6 = 0, a^ 



a 



? = 0, a^ = a^ = 1, 






a I Toi 



'^'}+-^i€r 



+ E 



Q L d 



a ^ ^ ^ r 



'"^IK 



■kCAD 



+V2 J2 Zi {Yj^W + a^W,%^) + J2 Ca€<f>sW, 

a>l a 

/a/3 = ^af3, f^f^ = SafsS, /o"" = E ^" "i^/?' 



a = 



1 ., 1 . 

'[ = — , a = —a 



, u, — , u, — u, — -1, Ctl — (J, 

D 18 

h = 2, e = — 4 = 3e', c = 5, w = 1, 

E< = E< = E< = E^! = -E^! = -E^^ = +i, 

a a a a a a 



Va = Va = Vl, Va = VL Vl = V, 



■^'P 






Y^rft^ = -12, ^r^^ = -iVc, Y.V' = -12 - Ng = N^, 

7 7 7 



- ^5 



where 0^, 0/ transform hke Z^ , Yi, respectively, under the gauge group, 

in Wi the sum over 0"-^ includes (f)p=ifi but not 0-^^^'°, and a, a' are defined as in 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



(4.32) 



(4.33) 
)5, 00, and 

rel). 
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The metric derivatives for Z are the same as for Y in ( 4.27| ) except that (rp^,)^ = 
— (rQ^)y, and the derivatives for X' = Y ,Z are related to those for X = Z, F by 

Since Z and Y have opposite signature, the additional surviving contributions are equivalent 
to that of a set (^'^ with a = /5 = 0, a' = /5' = —a = —AN/3. To cancel this contribution we 
must modify (|3.8|) and ( p.l4| ) to read 



/ = -Ng, 4 + a' = (3' = -(t = +4N/3, (4.35) 

where in the sums defining these quantities 

0^ = 0„x^^^xv;^0j,$;. (4.36) 

In other words [see ( |C.2D of Appendix C] , 

2^ -^2 = ~L2, L2 + L2 =0, 
I 

AN 



J2Lt'+Lj + Lf = -L,- — {L^ + Lfs + L'^). (4.37) 

Since {TaZyFi = 0, Kpv is invariant and W2 is covariant (PV2 -^ e~^W2) under ( [4. 151) 
provided the PV chiral multiplets transform as 

^/c ^ e-"^^0^, F/" = e-^'^^X^' (yf + a,F,Fo) , Y^ = e-'''^^Y^ 

Z'l = e-^'^M^Zi, Z'^ = e--'^[z'-a^ZiF), (4.38) 

with all other PV superfields invariant. Note that we have chosen Wi such that all masses are 
covariant for fields that appear in the gauge kinetic functions f"^^. Provided each 0*^ appears 
in only one term in Wi [i.e. fJ'CC'4'^4'^ or ^fic{4''")^], the squared-mass matrix defined in 
( [4. 51 ) is block diagonal Thus, for example, if we include a modular covariant T-dependence 
in the mass terms for some (p^ 7^ Z, Y, we have 

MIp = Mjp, =/2^p,|r7(zt)|^''^e^(i-"^-"^')-'=(^^+'^^'), (4.39) 
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where ri{it) is the Dedekind function: 

and 

Mjp = M'^p = e(^+^)(i-"^-"p'+^^)M|p, 0^ ^ Z, Y, (4.40) 

with M^ = M^ otherwise. The r){it) factor can be interpreted as a parameterization of string 
loop threshold corrections, as mentioned in Section 4.1. We now turn to a more realistic 
model from string theory. 

4.2 The untwisted sector of orbifold compact ificat ions 

Consider next the classical Lagrangian for the untwisted sector of orbifold compactifications 
with three untwisted moduli. It is defined by the Kahler potential and the superpotentialQ 

K = k + G, = 0"", VT = 46c$''^$''^$'^ 

Qu ^ J2G^'\ G^'^ = -\nlT + f-J2\^'''n^ (4-41) 

i=l \ a=l / 

Setting Z^ = {T*, $("*)}, we now have the properties 

OpOqG = OijGp Gg , Kpq = — 2_^GpGq, 

J2WpGP = 0, Y.W(a^)^^"'^=W. (4.42) 



p 



The Lagrangian is invariant under modular transformations: 

G ^ G' = F + F, F = Y,F\ F' = \n{icT + d), 

i 

F, = Fp = F^., F,, = -6,,Fl (4.43) 
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It is straightforward, but slightly more cumbersome, to generalize the results to the case of a Kahler 



potential as in ( 4.41 ) with n —> rii, rii ^ rij. 
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Properties analogous to ( 4.19| ), ( 4.20 ), ( |4.2(j| ) and ( [4.27| ) are given in Appendix D. In analogy 
with the discussion of the preceding section, we introduce PV superfields Z'^°^\ Y(o/), and 
modify K^^'^ and W2{Z) in ( [4. 281) and ( [4.30| ) to read [here we suppress the index a, and now 
G^u)Gp'' = 1 for fixed i is invariant under ( [4.43| )] 



Kf 

W2{Z) 



1=1 "^ I^J 7=1 

E Z^Z^G% + \aG^,\\ G', = E Z^G« + a-'Z^'^\ 

PM P 



Y 



Y: YpYmGI^ -aj: {YpY^6i)Gl) + h-c) + V)F(o/) (l + 

PM P 

-2a = 2a' 



-a = a = i. 



b^ = 0, 



\W,,Z^ZQ - a-' E Z'' {w^a^)Z^^^^ - \a-'WZ^'^A 
+V2 E Z^ (aWp%^YpW 

P,a>l 



(4.44) 



(4.45) 



In addition we replace the fields 0'^'°,0/, I ^ S hj (p^^^'^^^^^cp^oj), P ^ S^ with Kahler 
potential 



K^ = T. 



eG^^M^|<^(^/)p+|^(0/)|2 +,i./2^|^^^^^p 



(4.46) 



The mass terms for theses fields are determined by Wi in ( |4.29|) with 

Z^, Yp -. T^ Z(^^), T,, Y^Ai). Z\ Yo ^ Z^''\Y^oi), 



kl,0 



I^S, 



dpn,ioi) 



4>{pi), P ^ S, 



and the sum over C in the definitions of a, a' now includes (t){pi)- The Kahler potential is 
invariant and W2 is covariant under modular transformations provided 



k'C 



e-^cF^c^ n_^. , , ,, = e-'^^'^Nl {Yq + aFgV(o7) ) , 



P=Ti,{AI) 

e-"^Frnn, (/)'(^^) = e-^>(^^), iV = P, 0. 



^(07) 



(07), 



(4.47) 
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The renorinalization of the Kahler potential ( 3.1(j| ) arises from Z, Y, (f, 6, (p^, (ps, contributions 



and is modular invariant, since we have chosen the PV couplings such that their masses are 
covariant. Writing, for (p^ 7^ Z, Y, 



we have 



and 



W^{r,<P'") = /ipn[^(^^O]'''^0V, (4.48) 

i 

MIp = Mjp, =/i^[]|r/(zf)|4''pe^-^^-^^'-'=(^^+^^'), (4.49) 

i 

ML = M'% = ei:.(^«+^«)(i-P-p,+^p)ML, 0^ ^ Z, Y (4.50) 



4.3 Including the twisted sector 

The Kahler potential for orbifolds is not known beyond leading (quadratic) order in the fields 
Z" 7^ S, T, except for the untwisted sector, whose Kahler potential ( [4.41| ) is determined by 
the metric on the compact space. As a consequence, we cannot determine the one-loop 
effective action for the twisted sector, but we can include twisted sector loop contributions 
to the untwisted sector action, provided the superpotential contains no terms quadratic in 
the twisted sector fields. The general modular invariant superpotentiaf^ 

3 



Z^\{rf^^{T 



(4.51) 



a j=l a 

depends on the moduli through the Dedekind r^-function, interpreted as arising from string 
world-sheet instanton effects. In the absence of these effects, which we neglect here, there is 
no superpotential for twisted sector fields. We will set background twisted sector fields to 
zero, and include only quantum corrections due to the (modular invariant) quadratic term 
in Z" 7^ S,T^, $*" in the superpotential: 

K = k + G'' + Y.e^'^\Z^\\ 

a 

g" = -^g^in(r + r) + r[|$''f/(r + r)] (4.52) 



'^ There can be additional factors which arc holomorphic, modular invariant functions of the moduli. 
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If K depends on the moduli only through the compact radii, we have 

g- = G"^ = J2q:G\ fa = -Y.(tM^ - E l$'f /r + n]. (4.53) 

i lb 

Under a modular transformation 

Z'^ = e-^"Z^ F" = Y,(i^F\ (4.54) 

i 

To regulate the twisted sector contribution, we introduce negative signature PV fields $'^, $a 
that transform under the gauge group like $" and its conjugate, respectively, with Kahler 
potential and superpotential 

Klv = E (e^>1' + e^'/'l^Al') , W^ = EII l^(^^^)r''VA$^$A. (4.55) 



A i 



Under ( [4.3|) we have 



(M^)2 = m2 ^ e^^^^^'+^^'^^^^^+^^^Ml. (4.56) 



Combining this with (|4.49|) , (|4.50|) , the one-loop Yang-Mills Lagrangian (|4.8| ) takes the form|^ 






Er/^Cr6pln|r](^nr-EC;k-2E^y +^"^ 



p 
p p 



(4.57) 



where the sum over P now included the twisted sector fields. The first term in ( [4.57] ) cor- 



rectly reproduces the threshold effects (neglecting the universal, modular invariant term ||2T[| ) 

provided 

K = Y.^^'C^p = Ce, + EC; (l - 2g;) - C\ (4.58) 

p p 

Then the variation in ( |4.57| ) is cancelled by the variation in the classical Yang-Mills La- 
grangian due to the transformation property ( |4.9| ) of the dilaton. 

-•^^There are additional dilaton-dependent terms (formally of two-loop order) if the gauge charged fields 
couple to the GS term (refgsterm). 



29 



5 Anomalous U{1 

The modifications needed for regulating one-loop supergravity in the presence of an 
anomalous U{1) gauge group Qx are described in detail in I. The light matter loops generate 
a quadratically divergent term proportional to 2x~^DxTtTx and logarithmic divergences 
proportional to TrT^ associated with the operators $1^2 in ( p.l7| ). To regulate these terms 
we must introduce PV chiral multiplets 0^ with superpotential terms that are not invariant 
under U{l)x- As discussed in I, in order for the superpotential to remain holomorphic under 
a U{l)x gauge transformation, we require the transformation properties 

The chiral Yang-Mills superfield W"" is obtained as a component of the two- form Tmn-, 
which is the super-curl of the Yang-Mills one-form potential Am-, and is also the chiral projec- 
tion of the commonly used Yang-Mills superfield potential Vx'- Wa = — | \T>aT^" — SRj V^Vx- 
While the light fields are defined to be covariantly chiral under [/(l)x, the f/(l)x-charged 
PV fields are covariantly chiral only with respect to the nonanomalous gauge group; their 
invariant superpotential takes the form 

Kpy{\cpP\^) = e^"(^)+2,5^-|0^p. (5.2) 

5.1 General supergravity 

If we assume that the U{l)x generator commutes with the Kahler metric in the general 
supergravity model of Section 2, we can simply assign zero f/(l)x, charge to X^, U^, Vy, and 
to Yf for a set of values a = ao with J2a Vao = ~1- U{l)x gauge invariance of Kpv and W2 



as defined in Eq. (|3.4| ) requires aag = Qao ■ We must also remove Y^° , Z as well as a pair 



with a ^ ao and net positive signature from the second term in W2-, Eq. (P^). With this 
choice the linear divergences associated with the U{l)x anomaly are canceled. The chiral 
anomaly reappears due to the noninvariance of the mass terms coupling the y°° to fields 
Zl^^^ with the same U{l)x charge as Z*, and forms a supersymmetric F-term with the chiral 
anomaly. Note that the renormalization of the Kahler potential is U{l)x invariant in this 
general case, since F^p, Z^^^ do not appear in W2. 
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5.2 Orbifold compactification 

In this case we cannot impose the condition that the Kahler metric commutes with the 
U{l)x generator, but with an appropriate choice of PV f/(l)x charges and superpotential, 
the U{l)x generator does commute with the Kahler metric for PV fields with PV masses 
that are not U{l)x covariant. For the untwisted sector of the orbifold model of Sections 
4.2-3, we have 

-p(p^^ (T ^(p*) — r'{«)('T \ip'i-) \ r.^ — v'^^^'f (T \^^^^ J- r.^ 

KaiTx)t = gl{Tx)l = TUTx)i. (5.3) 



The contribution from Q^ ^ which is defined in ( [4.26| ), is canceled as before provided qx = 
—Qx^'"' = Qx"' and to cancel the new contributions, we assign U{l)x charge to 0'^"^^^: 

?x^^ = Qx^^ and to 0'^: qx = EcVcOicqx = "2, EcVcPcqx = J2cVcqx = 0, where qx 
is chosen to cancel the contribution from the last term in (D.4) of Appendix 4. We also 
require g^ = g^ for the PV regulator fields for the twisted sector. With these choices, the 
renormalization of the Kahler potential is U{l)x invariant. 

6 Summary of results 

We have shown that it is possible to regulate supergravity at one loop by introduc- 
ing Pauli-Villars fields in chiral multiplets and Abelian gauge multiplets. For calculational 
simplicity, we restricted the dilaton couplings to those of the classical limit of supergravity 
derived from the heterotic string, but there is no impediment in principle to extending our 
results to the more general case. In the context of string theory, this generalization is re- 
quired, for example, when nonperturbative string effects and/or GS terms are included in 
the effective "tree" Lagrangian. It would also be useful to know the full one-loop correc- 
tions in the linear multiplet formulation. However, certain one loop-effects such as the soft 
supersymmetry breaking terms and the anomalous contributions to the Yang-Mills kinetic 
term, depend only on gauged- charged matter and Yang-Mills loops. In this case, with the 
dilaton appearing only as a background field, it is fairly straightforward [|r^, |T1| to include 
the above-mentioned terms, and to generalize the results to the linear multiplet formulation 
for the dilaton. The A-terms for general supergravity without a GS term were calculated 
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in Section 3, and were found to be very sensitive to the details of the precise choice of the 
Pauh-Villars couphngs, which in turn can be determined only with a detailed understanding 
of Planck-scale physics. 

String-derived supergravity is anomalous at the quantum level under perturbatively exact 
symmetries such as T-duality and U{l)x of the underlying string theory. When appropri- 
ate Green-Schwarz terms are included, the effective field theory should be invariant, up to 
nonperturbative string effects, at the quantum level. One could, for example, make the regu- 
lated tree Lagrangian fully modular invariant by including appropriate factors of the modular 
covariant Dedekind function ri{iT) in the PV mass term Wi. These would be interpreted 
as threshold corrections from heavy string and Kaluza-Klein modes. However, string-loop 
calculations show that at least a part of the modular anomaly is canceled by a GS term; in 
particular, for orbifolds like Z3 and Zj with no A^ = 2 supersymmetric twisted sector, there 
are no (modular noninvariant) threshold corrections [Q to the gauge kinetic term: fej^ = in 
( [4.58| ). Moreover, cancellation of the U{l)x anomaly other than by a GS mechanism seems 
problematic. 

A part of the conformal anomaly can be directly inferred by replacing In A^ in ( p.2| ) by 
the real superfield In M'^{Z\ Z"^), where the lowest component M'^{z\z'^) = M'^{Z\Z'^)\ 
is the PV squared mass matrix. Under a transformation that leaves the regulated tree 
Lagrangian invariant except for the PV mass terms, the shift in ( p.2| ) is determined by [see 
(|A|)] M^{Z\Z^) -^ M^iZ^Z"^) = e^(^)+^(^)M2(Z\Z'^), where H{Z) is a holomorphic 



function of the chiral fields. The supersymmetric anomalies associated with the F-term 
operators given in Section 2 are also F-terms which contain the associated chiral anomalies; 
the general form of these operators is given in Appendix 2. It has been conjectured ||19 



that all of these anomalies might be canceled entirely or in part, depending on the string 
threshold corrections in specific models, by the GS term included in ( ^.9| ). This would 
require a tree-level coupling of the dilaton to the chiral superfields ^w,^a in ( P.10|) , for 



example, inducing additional operators (and potential anomalies) at the one-loop level. The 
D-term operators of Section 2 give rise to D-term anomalies, also displayed in Appendix 
A. In principle these could also be canceled by a tree-level coupling of the dilaton to real 
superfields such as those in ( p. 141) via a D-term of the form ( p. 131) , again implying additional 



operators at one loop. One such D-term is the shift in the Kahler potential, ( p.l6| ). We have 
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shown that the regularization of this term can be made free of modular and U{l)x anomahes 
for supergravity from orbifold compactification with background twisted sector fields set to 
zero. It is not clear that this can be achieved with twisted sector fields in the background. 

The full set of anomalous operators contains additional terms that arise due to the fact 
that the PV masses are not constant; D^M ^ 0. Determining these requires keeping higher 
order terms in the derivative expansion (as in the calculation of soft terms in Section 3.3) 
and retaining total derivatives (like the Gauss-Bonnet term) in the coefficient of InA^. In 
addition it is necessary to verify the cancellation of linear divergences - or equivalently^^ to 
show that (|4.12| ) is satisfied by comparing that expression with with the anomaly calculated 
from L{(^') — L{(^). These issues will be addressed elsewhere. 
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Appendix 

A. Component expressions of general superfields operators 

After eliminating the auxiliary fields using their tree- level equations of motion 0: 

F' = -e-^/2^', 2R\ = e-^/^A, -xB^ = Va, (A.l) 

we obtain for the bosonic terms for the superfield operators introduced in Section 2.1: 



"'^^However this procedure applied to modular and U{l)x anomalies will not insure, for example, the 
correct dilaton dependence of the Kahler metric. 
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V"T^\ = -2D^Ti(^e~^A'A'^ + Vf,z'V''z'^)+2x-^VaTi{T''z)\ 



T, 



fii/ 



{v.z'V.z'^ - V^z'V^z^) Dm - tF^^iTazf 



T- 



(A.2) 



where m,n are tangent space Lorentz indices, and a, (3 are spinor indices in the two- 
component spinor notation^ of 0. For the bosonic parts of the F-terms of Section 2.1 
we obtain: 



L{w:n 



V. 



— (Vpz'Vfz'^ + e-^AM") + iV^z'V^z'^F^l 



D-T" 



+WabiT'z)X" + h.c 



(A.3) 



-:ab 



L{T''T'^) = V'TiT'^ = iW" + W j {Taz)\TkzyT{r'. 



+ 



— {Voz'VPz'^ + e-'^A'A 

X 



K At Am 



tv^z'v.z^rr 



- {v^z'^Vz' + e-^A"^^) (v^z^'V^z^ + e-^A^A^) D^TiDnT^ 
-V^z'V'z"^ {v^z^V.z'' - V^rV.z^) DrnTiDnT; + h.c. 



In section 4 we also introduced F-terms of the form 



L{T,T 



/^a ^ i^JTjT^^ 



{T^zy{T,DmTl + T,DmT[) 

(A.4) 

(A.5) 



that is, they are they same as ( [A .41 ) except for the signs of two four- derivative terms. In 
addition we have, with X^j, = K^^^ 



L(6$vy) = ]^j d^e^w^^m^^, + \i.c. 



2 

-V^Vp^sV^'W^^^ + h.c. + fermions 

QLgb + \r^.ur'"' - ^r^ + ^^m-^^' + fermions. 



(A.6) 



Up to terms that vanish on shell due to the graviton tree-level equations of motion, we have 
the identity [see (2.23)-(2.25) of M] 



12 (^''^'' 



^fiu _ ^2 



^ 3 12 '^ 



(A.7) 



*The component field expressions use the metric g^jy — diag(H ), the opposite of the metric of [0. 
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and we obtain 

h^ + Lgb = ^I d'e^ (w-^m^p, - \XaX'^) + h.c. (A.8) 

For the D-terms we obtain 

+2iV^z'V^z'^V^F^'' + 2VVpz'VPz^' + V^^, (A.9) 



L{T^) = e-"" (aV^z'Vz-^ + ^Va{T''zYAAti 



+e-^ [e~^AA'A^ - ^PWA^ ) t,^ 



1 
2' 

V^z'^V^'z' + e~^A™A*) Drn{e-^AHij) 

+e-''V^tV^'z'A^ {DuU, - DjUk) , 
T,, = e-^/%-, «;(T,,) = u;(t,,) - 2 = 2, (A.IO) 

L{T^^) = (v^z^'V^z'V^'z''Vz^ +e-^^A'^A'A''A^ 



+2e-''A"'A'V,z^V''z^ ]T,^^n. (A-H^ 



' aP ' 



In the fully regulated Lagrangian, In A^ in ( |2.2| ) is replaced by the real superfield In M^(Z*, Z*"), 
where the lowest component M^(2;*, z^) = M'^{Z^, Z"^)\ is the PV squared mass matrix. Un- 
der a transformation that leaves the regulated tree Lagrangian invariant except for the PV 
mass terms: M'^{Z\Z'^) -^ e^^^^+^^^^M'^{Z\Z'^), where H{Z) is a holomorphic function 
of the chiral fields, the full anomaly associated with the one-loop generated F-term operators 
given in Section 2 can be expressed in term of supersymmetric field operators of the form 



L{T,T',H) = ]^j (fe^T''r^H{Z) + h.c. 



= -H{z)Vj:"pV'^T^ + h.c. + fermions 

= -2Rei/T°T(5 - ReHT'^^T'"' - ImHT'^^T'"' + fermions 

= -2ReHL{T, T') - ImHT^^T'"' + fermions, (A. 12) 

where L{T,T', 1) = -\L{T''T'^) is defined by (^), and 
ReH Ql^ + Lgb) + Imif^ = ^ J d^e^H{Z) (w^^W^p^ - ^^a^°) + h-c (A.13) 
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The chiral anomalies in the above expressions arise from the standard nonlocal operators 
generated by fermion loops. For the D-terms operators of Section 2, the corresponding 
anomalies are also D-terms: 

L(0, H)= f d^eE(j)H + h.c. (A.14) 

In addition there are contributions from terms involving derivatives of the Pauli-Villars 
masses that do not grow with the cut-off and were not included in Section 2. 

B. Modifications of the Z^,Yi contributions 

The fields Z^^ play the same role as Zl in I. However, if we were to use the Kahler potentials 
K^ , K^ adopted in I, we would have for the covariant derivatives of the gauge kinetic function 
f{z) = s: 

ffj = DjDjf = -Tijf,^0, (B.l) 

which would generate unwanted contributions from Z/-loops. The effect of the /^-dependent 
terms in K^ is to eliminate these contributions; their presence in turn requires compensating 
modifications of K^^ and K^^ . In this appendix we calculate the modifications with respect 
to I of the Z^ , Yj loop contributions. 

Denoting by a tilde quantities derived from the Kahler potentials K^'"^ in ( |3.3| ) with 
fi = 0, that is 



fr=0 



(B.2) 



we have 



In I we found 



Lf + L^ = Lf + Lf + A(Lf + Lf), (B.3) 



(Lf + Lf)^ = -L3 - ^e-^ (AAA + h.c. 



V9 
^ VaiT^zyCl + iV^z'^iTazyK.^Cf + h.c. 



+A^yLi + I2AM2L7 + 8A^L/, (B.4) 
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where the subscript / denotes the Lagrangian with / = constant. We have 



A,C 



AiCj + xWA, A^L = A^>L/, ^M'^L = Am^Lj, 



-X 



fia 



djyX 



^•^y f?c 



r>fia . '^v^ rpafiu , ^i^f j^a^v 



x^Jg x^Jg ' X X 

and, from the results in (B.18) and (B.20) of [p!0[ 
2 



x^/g 



VaiT^zYd + h.c. +8AnL 



+8AdLi - 2^V''K. 



X 



jm 



Vf'z^TaZr + {TaZyV'z 



VaiT'^ZyCi + h.C. 



+ 32M^V 



-A^-^V^ 



x^ 



KUTazyV^z-^ - h.C. + -V [d^xd^x + d^yd^'y] 



x^ 



+total derivative. 
Combining these results, we obtain 

Lf + Lf = (Lf + Lr)^ + 2xM2(>V + W)-^L($'o) 
where we used (C.76) of [p!0|. 



Writing 



K 
Kij 



k + G, A; = -ln(s + s) 



-h/2x' 



Krj + K 



IJ 



K 



IJ 



U -^i-^j"! 



~Yx ^^'^' + ^'^'^ 



2x2 



/./ 



J' 



(B.5) 



(B.6) 



(B.7) 



(B.8) 



the effect of the /j-dependent terms in K^ is to eliminate the contributions to Kjj with 
I, J = LS, SL, L ^ S (note that Kss = Kss = Kss = 0). Since 



KijK 



IJ 



-KjjK 



IJ 



(B.9) 



we simply need to subtract the terms quadratic in Kjj in products of Kjj and its derivatives. 
We have 



Kij 

-pk 
^ IJ 



J\ j fvi ~r -**- 7 '^i ■" f^i '^ 



Ljn.j 



jni 



tjn.j. 



6^k, + 5pi + k^K, + k]Ki - Ak'lkj, 



(B.IO) 
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where k) = k^"^krnj projects out s-components. Then using 



k 



im 

A.. 



h h- 






fco/1, An 



kgAk 



j-y 'j r\jo — rvofi/'^t. 



Ki /\j — yi. 



k^Aj 



fc/i. 



rhg rhJ^Ji.' /C ^^ij — -^7 Kjjjl^ 



(B.ll^ 



we obtain 



Au = 



— i\/j/i i jjAjg — Ajki Aikj -\- ZArCiKj, 



and [with k^, etc., defined as in (|2^) , (|2.14| )] 









i,ji?^°-^„ = l,j^A,ji?^"^„ + AAk'^K. (B.13) 

Then from the expression for L3 given by Eqs. ( |2.13|) , ( |2.2CI|) , ( |A.10| ) and ( [A.ll|) [or exphcitly 

in (2.27) of I], we obtain, with rjf = —1, 

2x* x^ 



-12M2y - 2M=^^^^ + 2^ (p„/9^sA,A + h.c.) 
+ (^^ + h.c.) {V + M') - Ae-^V.z^V^z^AA^, 



^n^ [A-ijA 



+8M^V + 2e"^ (aA^P^^^P'^^* - A^jA^A'A + h, 
As noted in I, the derivatives of the metric defined by 

I,J=i,j ' ■ 

are most easily easily evaluated i 



,c. 



K Ki j , 



(B.14) 



(B.15) 



K^ + h.c.) + \Yo\'^{l + ah 

in terms of the derivati^ 
^ [K,j + a\iKj) Y'Y-^ + aY. (y'Y\, + h.c.) + |Fo|'. (B.16) 

I,J=i,j I=i 



ives of the inverse metric 
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One finds for tlie elements of the afiine connection 

^M = -Tii.-a^K^'^K.drnKk, T^fc = a^K^'^/^.S^/^fc. (B.17) 



It follows immediately that Tf,^ = Tf,^, so there are no changes to Hy, L2 . For K we have 
i^i = ^i — ki, [TaJQTp^ = [TajqTp^, and 

DjiTavY = DjiTavY - a^kj{Taz)\ Dj{TayY = Dj{TayY, 

DoiTavY = DoiTavY-a'kjV,, Do{TayY = MTavY, 
dO _ 60 _ 2, po _ 60 _ r, 

^ikm = ^ikrh^'^ [Okkjfn + kj^Kjfh — k^kjfhj ■, (B.18) 

with the result that for P,Q = Y, 






Dp{T,yfDQ{TayY = Dp{T,yYDQ{T,yy 

DpiT^yfR^,^ = DpiT^yfR^,^, (B.19) 



^kn) 



and the modifications to Li are determined by 

tdP tdQ _ 6P 6Q I 9/72p(^) 

^Qkfh-'^Pjn — ^Qkfh-^Pjn "r ^" ^krhjn 

~ ^Qkm,^Pjn + ^ ( 0- — 2(3. 1 kf^kffiKjKn 

0/ yKf^ffiiyjfi -\- l\]^ffiKjn + KjffiJXkn H~ -'^jm'^kn) i {^Lj.ZOj 

(k) 

where Rj,fnjn i^ the Riemann tensor derived from k. 

The Kahler metric for Ys, Yq has K^"^ — > k^"^ and Ki = ki, and is the same as the F-metric 
in I, with the Kahler potential K{z, z) -^ k{s, s) and a = 1. Since (F^)^^ = Sa, and VaS/^l 
has no bosonic terms we need only consider 

(r^)L = -rL - ^'^^ = -sa;., (r^)|]„ = a^^, = fc„, $f = io$;3. (B.21) 

Since J^aVa = "l; (|B.21| ) gives a total contribution equal to — lOL^j to Lf, (|3.18| ), but a 
portion — 4L/} of this is included in f3'Li3. Using (2.25) of I to evaluate the contribution from 
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( p:^ , with 



-2, a^ 



+2, we obtain a net contribution: 



AL\ 



Y 



^ d^sd-ss^sir, _ l,,_^_p ..p^,,»g.,a.. 



4x4 
+ (3M 2 - 
-4M2iri^r'^;2^P'^^" - 4M2 (sM^ + 2r) - QL 



V] ^^ + 2^— (v.z'd^sAA + h.c. 

^Z T. \ 



73) 



and 



y 



A L3- + L1 



AM'^KirnVuZ^V'^z'^ + 



d^sd'^sdysd^s 



-4^2 



+2e" 
Using the relations [see (B.18) of 

—C^A' Ae-^ + \i.c. = 
^/9 



-20M2 (m2 + y) + (m^ - V) ^^^ 

+ [^^^ + hx.] (V + M^) - Ae'^'V^z'V^z'^AA, 

+8M^V + 2e~^ [AAijV^z^Vz' - A^A^A'A + h.c. 
■ 9'^x 



X 



v^z'{A,A'-AA)+h.c. 



-6L 



13- 



2e-^^ {v^z'V'z^AijA - AijA'A^A + h.c. 

+8M^ (V + 3M2 - p) + 2xM2 (w + W 
+4e-^P^z^P^^™(AiA^ + K^rnAA), 



2d„ 



(V + M' 



d^x 



X 



2d,.. 






X 



2e" 



-if 



^''x 



X 



P^z' [AijA^ - A,a) + h.c. 



+2 (V + M' 
d^x 



2\ /V^x d^xd^x^ 



2e 



-K'- 



X 



+ [V + M 



V^z'[A,jA^-A,A)+\i.c. 
1 



2x2 



a^v^ 



/i/:' + xW + h.c. 



+4 ( y2 ^ M^l/) - (y + M^^ ^^'^''' 



x^ 



(B.22) 



(B.23) 
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d^x 



ALm^ = 2e~^ (v.z'AiA + h.c 

X ^ 



-2M^V + V^ + 4MV + 6M^ 



and dropping total derivatives we get 



1 



A(Lf + Lr) = ^W 



(V + M^) + 2e-^AiA 



+ h.c. 



8ALm2 -2Lp + 2xV{W + W]. 



Combining (|B.25| ) with (|B.7| ) gives the result in ( |3.18| ), with 



MK) 



-32M^V - ^Vd.sd^s - ^d^sd^sVaF""^ 



x^ 



x^ 



flU 



+2 



d^s [ iF;:: + g.u-v'^j K.^v'^z^ + h.c. 

d.isduS d„sd'^sd,,sd''s 



^/3 



M4 + M2^^^i:^+"^ 



2x2 



16x4 



In addition we have, using k^Wi = 0, 

~ _ _ -/J _ _ _ , _ _ 

AZ aU — A^ A — A . A^S _ A Alj _ r) A At _ A A 






AijA'^ - 2e^ (V + 2M^ 

ASL Ay ^^ =SiA + ale''iKj-kj)[A'-k'A), 



^a. 1 J a 



A 



10 



(a^ - k'A 






a„e^W, 



azy aPQ 
i'Q ZY 



-~PQ 



"^^PQ^ZY " 2a^AA, ApqA~~ — 2c^AA, 



(B.24) 



(B.25) 



(B.26) 



(B.27) 



giving the result in (|3.16|) . Note that the overall normalization of Af>Q differs from that^^ 
used in I for Af,^. 

Finally, there is a contribution from the diagonal part f6ab of the gauge kinetic function 



Jab- 



fZY 
J 10 



U f. fip_ — U fi fll _ /, fit., 

ii'ajii J ZY ■' ' ■' ZY ■' J' 



^^There are extraneous factors of e^ and W in the last term of the expression for A^' y in I 
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fpqfl^ = 2hlff. = 8x'hl, fl9Af,l = 2h^cJ^hA = -4xA, 



aZY 

aZY 
^klO 



A 



ZY 
'-klj 

fSSAf 

<> '7V- ft 



n, aZY _ o aZY _ yl aZY 

—a f 1 + a^j kikkA = —2kikkA, 

Ak + a^kk = {Ak + kkA) , 
-AxhaCa {Ak - kkA) . 



V )kO 



ZY 

IP 



^ZY f^PQ ~ 
Then the scalar mass-matrix element Hp^ takes the form [|l^] 



ff|J = e-'^(ApQkA'-ApQA) + -fpQW, 



ttZY ttPQ 
fQ ZY 



-2xKc^ iy + A'P) (W + W) + 2x^hlWW 



+ 



(B.28) 



(B.29) 



where the dots represent contributions independent of W that have already been included. 
Together with the results given in Appendix B of I, we obtain the contribution ( |3.17|) . 



C. Parameter constraints 

Defining 

/3 = E^^/5c, a = 25:r/^/3c«c, (C.l) 

c c 

if /3 = —Ng — f and/or cr 7^ there are additional contributions to the logarithmic diver- 
gences: 



C 



PV 



3 Vg 



InA^ 

32^ 



a--(3]L'-PL' 



P 



d,,sd,,s 



+2VM^ + [Kiff.V^z'Vz'^ + V + 3M'^ + 2V) " 



4x2 



+ 



d^sd^s 



4x2 



K-^ iV^'z'Vz'^ - V^r'V'z' 



(C.2) 



where V is given in (|2.5|) . The contribution from ( |C.2| ) contains for example the terms 
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a - -/?) Ki^V'^z'^V-z'^^ 



4^2 ' 



(C.3) 



that are not generated by any other contribution, requiring o" = /3 = 0. 



D. The untwisted sector in orbifold compact ificat ions 

Here we give exphcitly the relations needed for modular covariant {K'py = Kpv, W2 = 
e~^W2) regularization of the theory defined by ( [4.41 ). Under the modular transformation 
( |4.43| ) we have 



K' = N'' (K + F) K' =N'^N"'K 



'■qni 



K[ 



PQ 



W 
PQ 



p q 



i^ _ y^ (F'G^^'^ + F^ G^^ + F' F^ 



i¥=j 



e-^Ar;iV™ 



Wmn - E {nWm=^a + FlWn=ia,) ' F^F^W 



¥j 



WL - "-^ 



e-' NUWq - FqW) . 



(D.l) 



The operators that determine scalar curvature dependent quadratic divergences and the 
logarithmically divergent contributions Li 2 are: 



iq 
'^pai 



Tpo- — NGa, r^^T^Q, — yN + lj G"i^G^ + G^^G^. 
Gf = -^(l?^I?"-8i?)2),G«, Gl^ = -^-{vj)^-SR)(GfV^Z^)5,^^i^, 
iV = n + 2, Tl^{T'^)l = Y.TtGt^+Gl, T^ = Y,{T^)l. (D.2) 



The corresponding operators from Z^, P ^ S, are 



(r?)r (^?)l = ^rr^« + (2«' + «') (G(.)G« + Gf G^J -2{a' + a') G,^Z^^, 



G. 



pa 



VJ)^ - 8R] GJ)^G^'^5, 



(rz)l = n^^ (ri)l iT% = vijT^r^ + a'G: 



a 
ai 



(D.3) 
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,0 



and the metric derivatives for Yp, P ^ S, are related to these by (r^j = — (Tg:) . The 
derivatives for X' = Z,Y are now related to those for X = Z^Y hy 



(rxOS^fr., 



« -(rx)g°(rx)l + iv(i±2)G"G„ 



X')p 



Q 



iXx'Tp^ (T^Yq = (rx)^, (TX ± XaTrTa 



[DA) 



The divergences from matter loops are canceled loops from Z^,Yj and (j)^^^\ N = 0,P 



0,T,A=l,---,n: 



-^p(Ar/)ap(M/) 
Z^ -*- (MI) -*- (Af/)a 






A^Gn 



:d.5) 



with additional contributions that require a modification of the constraints on the parameters 
a', (3', a, as in Section 4.1, with A^ -^ 3N in (|4.35| ). When an anomalous U{1) is present we 
require that some ^c carry f/(l) charge so as to cancel the last term in (D.4), as described 
in Section 5.2. 



E. Errata 



Here we list additional corrections to |T^ that involve dilaton couplings, and were not re- 
ported in I. 

1. The second line of the RHS of the expression (C.48) for TrF^ should read 



4 i 



{F^^^Frf + (^;.^r)' - {p^i^Frf - {f^^f^)- 



2. A contribution is missing from Tf in (C.59), namely 



rpga 



L^u^ 1T^ 



{M^l 



L^v^ m 



a \ /a 



a <-> a 



df^xd^y na 



j^aptj.u^ 



X^ 



3. There is a term missing from the expression (C.43), namely a contribtion 

x^ ^ 



involving the graviton-gaugino connection in 2 {D^m\ {D^m 

AA 



4. The sign of the first term on the RHS in the expression for t^^ in (C.44) is incorrect. 

5. A contribution to T^+'^ is missing from (C.59), namely 

rpga _ (yfj.X(yuy ,p,a rpa 

6. As noted in I, there are errors in the coefficients of M^P in the traces given in Appendix 
C For the string dilaton case considered here the changes with respect to the canoncial 
gauge kinetic energy case considered in I are: —18 in ^STrH^, Eq. (C.36); —14 in 
lTr{Hf)\ Eq. (C.41); +2 in -T^^ , Eq. (C.44); +58 in |STrif2^, Eq. (C.47); +52 
in ISTiH^g, Eq. (C.62). 
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